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Abstract
Purpose Here we aimed to develop a minimally invasive treatment for ischemic heart disease and demonstrate that low-
intensity pulsed ultrasound (LIPUS) therapy improves myocardial ischemia by promoting myocardial angiogenesis in a 
porcine model of chronic myocardial ischemia. Studies to date determined the optimal treatment conditions within the range 
of settings available with existing ultrasound equipment and did not investigate a wider range of conditions.
Methods We investigated a broad range of five parameters associated with ultrasound irradiation conditions that promote 
expression of endothelial nitric oxide synthase (eNOS), a key molecule that promotes angiogenesis in human coronary artery 
endothelial cells (HCAEC).
Results Suboptimal irradiation conditions included 1-MHz ultrasound frequency, 500-kPa sound pressure, 20-min total 
irradiation time, 32–48-μs pulse duration, and 320-μs pulse repetition time. Furthermore, a proposed index, PN , calculated 
as the product of power and the total number of irradiation cycles applied to cells using LIPUS, uniformly revealed the 
experimental eNOS expression associated with the various values of five parameters under different irradiation conditions.
Conclusion We determined the suboptimal ultrasound irradiation conditions for promoting eNOS expression in HCAEC.

Keywords Low-intensity pulsed ultrasound therapy · Endothelial nitric oxide synthase · Angiogenesis · Human coronary 
artery endothelial cells

Introduction

Ischemic heart disease (IHD) is the leading cause of death 
in developed countries [1], and its incidence is increasing in 
developing countries [2]. Therefore, noninvasive treatment 
methods for this disorder are needed. Ultrasound has been 

used clinically for diagnosis, bone therapy, tumor resection, 
and drug delivery enhancement [3]. Low-intensity pulsed 
ultrasound (LIPUS) reportedly induced angiogenesis and 
ameliorated myocardial ischemia in a porcine model of 
chronic myocardial ischemia [4]. LIPUS has been used to 
treat various orthopedic, dental, and brain disorders [5–7].

We have been studying noninvasive treatment methods 
for microcirculatory disorders such as IHD. We have shown 
that LIPUS irradiation of human umbilical vein endothelial 
cells with 32 wave cycles significantly increases the mRNA 
expression of vascular endothelial growth factor (VEGF), 
with subsequent therapeutic angiogenesis [4]. However, 
because these irradiation conditions were determined using 
existing sector probes, conditions such as the frequency, 
sound pressure, and pulse repetition frequency were not 
optimized. We found that a signaling pathway mediated by 
mechanotransduction was involved in the effects of LIPUS 
[8]. Indeed, LIPUS may induce the distortion of endothe-
lial caveolae [9, 10], which are transmitted into cells, ulti-
mately leading to the upregulation of endothelial nitric oxide 
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synthase (eNOS) and VEGF with subsequent therapeutic 
angiogenesis.

The present study aimed to explore ultrasound irradia-
tion conditions that promote eNOS expression in human 
coronary artery endothelial cells (HCAEC). We varied the 
total irradiation time, sound pressure, frequency, and pulse 
repetition frequency, as well as the wave cycle, as discussed 
in a previous report [4]. We examined the ultrasound irra-
diation conditions in HCAEC with LIPUS in vitro and used 
the expression level of eNOS, a key molecule that promotes 
angiogenesis, to quantitatively evaluate cell activation under 
the suboptimal LIPUS irradiation conditions. Furthermore, a 
proposed index, PN , calculated as the product between power 
and the total number of irradiation cycles applied to cells 
using LIPUS, uniformly showed the experimental ultrasound 
contribution to eNOS expression for the various values of 
five parameters under different irradiation conditions.

Materials and methods

Cell culture

HCAEC (CC-2585; Lonza, Tokyo, Japan) from one donor 
were cultured in endothelial cell medium (Lonza). The cells 
were passaged to passage 2, resuspended 24 h before LIPUS 
irradiation, sown uniformly in 24-well plates (353,047; 
Corning, New York, USA) (n = 6) at 4 ×  104 cells/well, and 
incubated (37°C, 5%  CO2).

Irradiation experiment

Figure 1a shows a schematic of the experimental setup. The 
desired pulse wave was generated using a signal generator 
(WF1974; NF, Kanagawa, Japan), amplified using a power 
amplifier (705,810; Yokogawa, Tokyo, Japan), applied to 
a disk-shaped ultrasound transducer ( ϕ = 20 mm), and 
irradiated with ultrasound. Four types of transducers with 
center frequencies of 0.1, 0.3, 1, and 3 MHz were used. The 
transducers were glued to circular dishes with a bottom sur-
face thickness of 0.8 mm (150,460; Thermo Fisher Scien-
tific, Waltham, USA). The temperature in the thermostatic 
chamber was kept at 37°C during the experiment. The cells 
were irradiated with ultrasound through agar (010–15815; 
Fujifilm Wako Pure Chemicals, Osaka, Japan) (n = 6). The 
difference in propagation attenuation between the agar and 
culture media was neglected.

As illustrated in Fig. 1b, the five parameters that were 
monitored under ultrasound irradiation conditions were 
ultrasound frequency f0 [Hz], maximum sound pressure P0 
[Pa], total irradiation time Tttl [s], pulse duration ΔT  [s], and 
pulse repetition time PRT  [s].

The following three parameters are derived from these 
five parameters. The wave cycle wl [cycles] was obtained 
by multiplying the pulse duration ΔT  by the frequency 
f0 , that is, wl = ΔT × f0 . The duty cycle DC [%] was cal-
culated as the ratio of the pulse duration ΔT  to the pulse 
repetition time PRT  , that is, DC = ΔT∕PRT  . Since the 
number of irradiations with a pulse repetition time PRT  is 
Tttl∕PRT  within the total irradiation time Tttl , the effective 
irradiation time Teff [s] is given by

as shown in Fig. 1c. The irradiation conditions were opti-
mized in the following order: total irradiation time Tttl , pulse 
duration ΔT  , maximum sound pressure P0 , and ultrasound 
frequency f0.

The LIPUS group underwent irradiation with ultra-
sound, while the control group did not. After irradiation, 
RNA was extracted from the LIPUS and control groups 
after 6-h incubation.

The maximum sound pressure P0 was measured at depth 
d [m] from the transducer using a needle hydrophone 
(HY05N; Toray, Tokyo, Japan) on the central axis of the 
transducer. Ultrasound was irradiated to the hydrophone 
through the agar as well as the irradiation to cells. The 
sound field of a disk-type transducer is determined by D 
[11] and defined as

where λ [m] is the wavelength and a [m] the radius of the 
transducer. Considering the theoretical sound pressure dis-
tribution [11] of a disk-type transducer [11], D = 1.8 was 
chosen to maintain the sound pressure difference between 
the center of the well and the edge of the well approximately 
twice as large. For each frequency f0 , the distance d was 
determined so that D = 1.8 . Thus, distance d was set to 17 
mm at 0.1 MHz, 35 mm at 0.3 MHz, 117 mm at 1 MHz, and 
350 mm at 3 MHz, respectively.

To correctly evaluate pulse duration ΔT  and acous-
tic energy, a polypropylene cylinder whose material is 
close to the acoustic impedance of the plate was bonded 
to the back of the plate to suppress multiple reflections 
within the plate, which was made of polystyrene, whose 
acoustic impedance was 2.52 × 10

6 kg∕(m ⋅ s2) , and the 
polypropylene cylinder had an acoustic impedance of 
1.9 × 10

6 kg∕(m ⋅ s2) [12]. To suppress the reflected waves 
from the bottom surfaces of the polypropylene cylinder 
and constant-temperature bath, the bottom surface of the 
polypropylene cylinder was roughened with sandpaper. 
The reflection coefficient for a rough surface is generally 
known to be lower compared with that for a flat surface 
[13].

(1)Teff =
Tttl×ΔT

PRT
,

(2)D =
�

a2
⋅ d,
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Fig. 1  a Cross-sectional view 
of the experimental system 
for ultrasonic irradiation. b 
Schematic diagram of the trans-
mitted waveform. c Effective 
irradiation time Teff . d A new 
index PN , showing the product 
of power and the total number 
of irradiation cycles
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Evaluation of LIPUS‑induced effect

In a previous study, we demonstrated that LIPUS ther-
apy enhances the proliferation of human umbilical vein 
endothelial cells (HUVECs) in scratch assays [8]. LIPUS 
therapy also upregulates both mRNA expression and protein 
enhancement of eNOS [8]. It is well known that nitric oxide 
(NO) is produced by eNOS [14–16].

In the present study, it was necessary to examine numer-
ous LIPUS irradiation conditions on in vitro HCAEC to 
determine the suboptimal LIPUS irradiation conditions. 
Therefore, only the mRNA expression of eNOS, a key mol-
ecule that promotes angiogenesis, was used as an evaluation 
index.

Real‑time polymerase chain reaction

The procedures and conditions for the real-time polymerase 
chain reaction (PCR) were the same as those used in our 
previous study [8]. We extracted mRNA using the RNeasy 
Plus Mini kit (QIAGEN, Hilden, Germany) and QIAcube 
(QIAGEN, Hilden, Germany). Synthesis of cDNA was car-
ried out using PrimeScript RT Master Mix (Takara Bio Inc., 
Shiga, Japan). The primer sequences (forward, reverse) were 
5’-AAA GAC AAG GCA GCA GTG GAAAT-3’ and 5’-TCC 
ACG ATG GTG ACT TTG GCTA-3’ for eNOS, and 5’-GCA 
CCG TCA AGG CTG AGA AC-3’ and 5’-TGG TGA AGA CGC 
CAG TGG A-3’ for glyceraldehyde 3-phosphate dehydroge-
nase (GAPDH), all of which were designed by the Perfect 
Real Time Support System (Takara Bio, Shiga, Japan). After 
reverse transcription, real-time PCR was performed using 
TB Green Premix Ex Taq II (Takara Bio, Shiga, Japan), a 
CFX96TM Real-Time system (Bio-Rad Laboratories, Cali-
fornia, USA), and a C1000TM Thermal Cycler (Bio-Rad 
Laboratories, California, USA).

The amplification efficiency of the PCR reaction greatly 
depends on the differences in each sample; therefore, it 
was necessary to normalize using the endogenous con-
trol gene, GAPDH, for this study. In the present study, the 
mRNA expression of eNOS, EX , was normalized to that 
of GAPDH and compared between the control and LIPUS 
groups. Parameters were compared between the control and 
LIPUS groups using an uncorrelated Student’s t-test, and 
values of P < 0.05 were considered statistically significant.

Ultrasound evaluation index

The instantaneous intensity of the ultrasound, I(t) , is calcu-
lated as follows: 

(3)I(t) =
p2(t)

�c
,

where p(t) = P0sin
(
2�f0t

)
 is the instantaneous sound pres-

sure, ρ is the density of the medium, and c is the sound 
velocity. The average intensity within the pulse repetition 
time PRT  , Ispta [mW∕cm2] , is a safety standard for diagnos-
tic ultrasound systems [17] and is calculated by

To examine the action of ultrasound on cells that con-
tributes to eNOS, EX expression, we defined the following 
two evaluation indices. First, the total energy per unit area, 
Ettl [J∕m

2] , irradiated on the cells can be defined as the 
average intensity Ispta within the pulse repetition time PRT  
multiplied by the total irradiation time Tttl ∶

where Prms is the root-mean-square value of p(t) defined by 

We defined Ettl by spatially averaging Ettl over the irra-
diated area as follows: 

When the total irradiation time Tttl , pulse duration ΔT , maxi-
mum sound pressure P0 , and pulse repetition time PRT were 
kept constant, Ettl did not change at various frequencies of 
f0 . Although conditions (1), (2), (3), (4), (11), (18), and (19) 
in Table 1 have nearly the same Ettl value, the eNOS expres-
sion EX values were different, as shown in “Results”. 

Next, we introduced a new index PN [J∕
(
m2

⋅ μs
)
] by 

calculating

 where T0 = 1∕f0 is one period of ultrasound irradiation. PN 
was defined by spatially averaging PN over the irradiated 
area as follows: 

Ettl corresponds to the energy that changes to heat, and 
does not depend on the irradiation frequency f0 . Alter-
natively, to evaluate the mechanotransduction caused by 
ultrasonic irradiation, PN shows the power per unit area, 
(
Prms

)2
∕�c , multiplied by the total number of irradiation 

cycles, Teff ∕T0 , during the effective irradiation time Teff , 
as shown in Fig. 1d.

(4)Ispta =
1

PRT
∫ PRT

0
I(t)dt =

1

PRT
⋅

1

�c
∫ ΔT

0
p(t)2dt ≈

1

�c

�
P0√
2

�2
ΔT

PRT
.

(5)

Ettl = Ispta × Tttl ≈
1

�c

�
P0√
2

�2
ΔT

PRT
× Tttl =

1

�c

�
Prms

�2
⋅ Teff ,

(6)Prms =
P0√
2
.

(7)Ettl =

{
0.55 × Ettl, for f = 0.1 or 0.3MHz

0.51 × Ettl. for f = 1 or 3MHz

(8)PN = Ettl × f0 = Ispta × Tttl × f0 ≈
1

�c

(
Prms

)2( Teff

T0

)
,

(9)PN =

{
0.55 × PN, for f = 0.1 or 0.3MHz

0.51 × PN. for f = 1 or 3MHz
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Using the indices, Ettl and PN , we attempted to uniformly 
show the ultrasound contribution to eNOS expression, EX , 
for various values of five parameters under different irradia-
tion conditions.

Results

In vitro experimental results

For various values of ultrasound total irradiation time T
���

The common irradiation conditions were set as follows: 
ultrasound frequency f0 = 1 MHz, maximum sound 
pressure P0 = 500 kPa, pulse duration ΔT = 32 μs , and 
pulse repetition time PRT = 320 μs. Figure 2a-1 shows 

the results when the total irradiation time Tttl was set 
to 5, 10, and 20 min, which correspond to (7), (9), and 
(10) in Table 1, respectively. When Tttl was 20 min, the 
mRNA expression of eNOS, EX , was significantly higher 
(P < 0.05) than those of the control group.

For the common irradiation conditions of f0 = 1 
MHz, P0 = 500 kPa, ΔT = 48 μs , and PRT = 320 μs, Tttl 
was set as 20 and 30 min, which correspond to (11) and 
(13) in Table 1, respectively. As shown in Fig. 2a-2, the 
mRNA expressions of eNOS, EX , increased significantly 
(P < 0.05) at 20 and 30 min compared to that in the con-
trol, while there was no significant difference between 20 
and 30 min, and the expression of EX peaked at 20 min. 
Thus, a total irradiation time of T̂ttl = 20 min was selected 
based on the clinical consideration that maintaining a 
fixed posture for more than 20 min places a burden on 
the patient.

Fig. 2  Expression of eNOS, 
EX , under different experimen-
tal conditions. a For various 
values of irradiation time Tttl , 
(a-1) pulse duration ΔT = 32 
μs , and (a-2) ΔT = 48 μs . b For 
various values of pulse duration 
ΔT  . c For various values of 
maximum sound pressure P

0
 . d 

For various values of ultrasonic 
frequency f

0
 , (d-1) wl was fixed 

at 48 cycles, and (d-2) ΔT  was 
fixed at 48 µs. The number in 
each bar corresponds to the 
number in Table 1. eNOS, 
endothelial nitric oxide synthase
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For various values of pulse duration 1T

Figure 2b shows the results obtained when the pulse duration 
ΔT  was changed to 16, 32, 48, 64, and 128 μs , correspond-
ing to (8), (10), (11), (12), and (14) in Table 1, respectively. 
The other irradiation conditions were identical to those 
described above: f0 = 1 MHz, P0 = 500 kPa, Tttl = 20 min, 
and PRT = 320 μs. The expression EX was significantly 
(P < 0.05) increased at ΔT = 16, 32, 48, and 64 μs com-
pared to the control group, and there was no significant dif-
ference among ΔT = 16, 32, 48, and 64 μs . For ΔT = 48 μs , 
the expression EX significantly increased by 15% and then 
peaked. Based on these results, the optimal wave duration 
Δ̂T = 48 μs was selected.

For various values of maximum sound pressure P
0

Figure 2(c) shows the results when the maximum sound 
pressures P0 were 125, 250, 500, 750, 1000, and 1250 
kPa, corresponding to (5), (6), (11), (15), (16), and (17) in 
Table 1, respectively. The other irradiation conditions were 
identical to those described above: f0 = 1 MHz, Tttl = 20 
min, ΔT = 48 μs , and PRT = 320 μs. The maximum sound 
pressure P0 significantly (P < 0.05) increased the expression 
EX at 500 and 750 kPa compared to the control, with no 
significant difference between them, and the expression EX 
peaked at 500 kPa. Based on these results, an optimal sound 
pressure of P̂0 = 500 kPa was selected.

For various values of ultrasound frequency f
0

Figure 2d-1 shows the results obtained when the frequency 
f0 was varied as 0.1, 0.3, 1, and 3 MHz, corresponding to 
(2), (4), (11), and (18) in Table 1, respectively. The other 
irradiation conditions were identical to those described 
above: P0 = 500 kPa, Tttl = 20 min, PRT = 320 μs, and 
wl = 48 cycles. When the wave cycle wl was fixed at 48 
cycles, the pulse duration ΔT = wl∕f0 changed according 
to the frequency f0 . The expression EX was significantly 
(P < 0.05) increased when the frequency f0 was 300 kHz or 
1 MHz compared with the control.

To change frequency f0 with the same pulse duration ΔT  , 
ΔT  was fixed at 48 µs. The common irradiation conditions 
were as follows: P0 = 500 kPa, Tttl = 20 min, ΔT = 48 ± 2 
μs, and PRT = 320 μs. Frequency f0 was changed to 0.1, 
0.3, 1, and 3 MHz, corresponding to (1), (3), (11), and (19) 
in Table 1, respectively. The results are shown in Fig. 2d-2. 
The expression EX increased significantly (P < 0.05) when f0 
was 300 kHz and 1 MHz compared with the control. Based 
on these results, the optimal frequency of f̂0 = 1 MHz was 
selected.

For indices E
���

 and P
�

 contributing to eNOS, EX  
expression

To examine the effects of ultrasound on cells that contrib-
ute to eNOS, EX expression, based on the above results, 
we evaluated the relationship between Ettl , PN , and EX for 
(1) to (19), as presented in Table 1. The results pertaining 
to Ettl and PN are shown in Fig. 3a and b, respectively. For 
f0 of 0.1, 0.3, 1, and 3 MHz, the displayed colors were red, 
yellow, green, and blue, respectively.

Figure.  3a does not uniformly show the experimen-
tal eNOS expression for various values of five param-
eters under different irradiation conditions. Alternatively, 
Fig. 3b shows the eNOS mRNA expression, EX , and the 
approximated broken line graph (polyline) determined 
by the least squares fitting, which is described in the 

Fig. 3  a The relationship between energy index Ettl and mRNA 
expression of eNOS, EX. b The relationship between the proposed 
index PN (product of power and the total number of irradiation 
cycles) and EX
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Appendix. The broken line reached the maximum around 
PN_max = 6.2 × 10

6 J∕
(
m2

⋅ μs
)
 , and the expression EX 

decreased as PN moved away from this maximum.

Discussion

Based on these results, the suboptimal ultrasound irradia-
tion conditions were determined as follows: frequency f̂0 = 1 
MHz, maximum sound pressure P̂0 = 500 kPa, total irradia-
tion time T̂ttl = 20 min, pulse duration Δ̂T = 32 − 48 μs , and 
pulse repetition rate P̂RT = 320⋅μs.

As shown in Fig. 3b, the relationship between PN and 
the mRNA expressions of eNOS, EX , showed an upward 
convex trend. When PN was smaller than PN_max and under 
the conditions where EX was maximal, maximum sound 
pressure P0 and the total number Teff ∕T0 of irradiation 
cycles were underestimated, and EX was not sufficiently 
enhanced, because PN is the product of the power per unit 
area, 

(
Prms

)2
∕�c , and the total number of irradiation cycles, 

Teff ∕T0.
However, for a PN larger than PN_max , Ispta or the total 

number Teff ∕T0 of irradiation cycles tended to be larger, 
and therefore, cell injury would be induced and EX was not 
enhanced.

Caveolae in endothelial cells reportedly play an impor-
tant role in detecting strain and stress on the extracellular 
membrane via β1-integrin and contributing to the associated 
signal transduction [18–22]. When cells are irradiated by 
ultrasound, caveolae are displaced and velocity is generated. 
The evaluation index PN in Eq. (8) includes the power and 
total number of irradiation cycles, showing that the ampli-
tude and number of actuations on the caveolae are important 
for eNOS, EX expression. Therefore, these results indicate 
that LIPUS treatment may be more efficient under conditions 
with an extended evaluation index PN within a range that 
does not cause cell damage when setting ultrasound irradia-
tion conditions.

Study limitations

The present study had several limitations. First, because the 
suboptimum irradiation conditions were determined in the 
order of total irradiation time Tttl , pulse duration ΔT , maxi-
mum sound pressure P0 , and frequency f0 , the optimum is 
apparent but not real. Thus, it is possible that there were more 
efficient conditions than those determined in this study. It 
remains to be confirmed whether cellular damage is caused 
by ultrasound irradiation under conditions of large Ispta values 
and a mechanical index MI = Pneg∕

√
f0 , where Pneg is the 

maximum negative pressure, showing an evaluation index of 

ultrasound effects on a living body [23]. The LIPUS was irra-
diated under only two conditions for frequencies f0 of 0.1, 0.3, 
and 3 MHz. It is necessary to confirm the relationship between 
PN and the mRNA expressions of eNOS, EX , with a frequency 
f0 other than 1 MHz.

In the present study, the mRNA expressions of eNOS, EX , 
decreased for a PN larger than PN_max . This could be attributed 
to cell damage caused by irradiating ultrasound. Therefore, 
in our future studies, the proper maximum sound pressure P0 
and the total number Teff ∕T0 will be determined by evaluating 
the cell injury.

Conclusion

The present study determined the suboptimal ultrasound 
irradiation conditions that would promote the expression of 
eNOS, EX , in HCAEC. The suboptimal irradiation condi-
tions were as follows: ultrasound frequency, f̂0 = 1 MHz; 
maximum sound pressure, P̂0 = 500 kPa; total irradiation 
time, T̂ttl = 20 min; pulse duration, Δ̂T = 48 μs ; and pulse 
repetition time, P̂RT = 320 µs. An upward convex trend was 
observed between PN and the mRNA expression of eNOS, EX , 
suggesting that they may be influenced by the proposed evalu-
ation index PN , calculated as the product of power and the total 
number of irradiation cycles applied to cells using LIPUS.

Appendix: Derivation of approximated lines 
in Fig. 3b using the least squares method

By introducing new variables x and y as

 let us define an approximated line graph (polyline) in 
Fig. 3b as

 where a1 , a2 , x0 , and y0 are the coefficients of the approxi-
mated polyline that should be estimated. For the measured 
values {xi, yi} ( xi < x0 ) and {xj, yj} ( xj ≥ x0 ), the weighted 
mean squared error �(a1, a2, y0; x0) between the measured 
values and polyline in Eq. (A3) can be obtained as follows:

 where w is the weight defined by the variance of EX , �2 , as

(A1)x = log10Eq,

(A2)y = EX,

(A3)y =

{
a1
(
x − x0

)
+ y0,

(
x < x0

)

a2
(
x − x0

)
+ y0,

(
x ≥ x0

)
,

(A4)
𝛼
�
a1, a2, y0; x0

�
=
∑

iwi ⋅
���
yi −

�
a1
�
xi − x0

�
+ y0

���
�

2

+
∑

jwj ⋅
�
��
yj −

�
a2
�
xj − x0

�
+ y0

��
��

2

,
�
xi < x0, xj ≥ x0

�
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 where the standard deviation � of EX is presented in Table 1 
and Fig. 3b. By fixing the coefficient x0 to an arbitrary value 
and defining x′ as

 the condition minimizing �
(
a1, a2, y0; x0

)
 is given by

By substituting a1 into Eq. (A7), and a2 in Eq. (A8) into 
Eq. (A9), ŷ0(x0) , which minimizes �

(
a1, a2, y0; x0

)
 with fixed 

x0 , is estimated by

 where

Subsequent ly,  â1
(
x0
)
 and â2

(
x0
)
 minimizing 

�
(
a1, a2, y0; x0

)
 with a fixed x0 are estimated by substituting 

Eq. (A10) into Eq. (A7) and (A8), respectively.

U s i n g  â1
(
x0
)

 ,  â2
(
x0
)

 ,  a n d  ŷ0
(
x0
)

 , 
�
(
â1
(
x0
)
, â2

(
x0
)
, ŷ0

(
x0
)
; x0

)
 is calculated for each of the 

various values 
{
x0
}
 . Thus, the coefficient x̂0 that minimizes 

�
(
a1, a2, y0; x0

)
 in Eq. (A4) can be obtained as follows:

Finally, the optimum values of a1 , a2 , and y0 for the mini-
mum condition can be determined by â1

(
x̂0
)
 , â2

(
x̂0
)
 , and 

ŷ0
(
x̂0
)
 , respectively.

(A5)w =
1

�2
,

(A6)x
�(
x0
)
= x − x0,

(A7)

1

2

��(a1, a2, y0; x0 )
�a1

= a1
∑

iwix
�

i

�
x0
�2

−
∑

iwiyix
�

i

�
x0
�
+ y0

∑
iwix

�

i

�
x0
�
= 0,

(A8)

1

2

��(a1, a2, y0; x0 )
�a2

= a2
∑

jwjx
�

j

�
x0
�2

−
∑

jwjyjx
�

j

�
x0
�
+ y0

∑
jwjx

�

j

�
x0
�
= 0,

(A9)

1

2

��(a1, a2, y0; x0 )
�y0

= y0

�∑
iwi +

∑
jwj

�
−

�∑
iwiyi +

∑
jwjyj

�

+a1
∑

iwix
�

i

�
x0
�
+ a2

∑
jwjx

�

j

�
x0
�
= 0.

(A10)ŷ0
�
x0
�
=

BIEIDJ+BJEJDI−

�∑
iwiyi+

∑
jwjyj

�
DIDJ

BI
2DJ+B

2

J
DI−

�∑
iwi+

∑
jwj

�
DIDJ

,

(A11)

BI =
∑

iwix
�

i

�
x0
�
,BJ =

∑
jwjx

�

j

�
x0
�
,

DI =
∑

iwix
�

i

�
x0
�2
,DJ =

∑
jwjx

�

j

�
x0
�2
,

EI =
∑

iwiyix
�

i

�
x0
�
,EJ =

∑
jwjyjx

�

j

�
x0
�
.

(A12)â1
(
x0
)
=

EI−BI ŷ0(x0)
DI

,

(A13)â2
(
x0
)
=

EJ−BJ ŷ0(x0)
DJ

.

(A14)x̂0 = argmin
x0

�
(
â1
(
x0
)
, â2

(
x0
)
, ŷ0

(
x0
)
; x0

)
.
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